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Abstract: In this article, we present some results about the Sturm–Liouville equation with turning points and singularities and transform them to each other. By
applying a change of a variable, we can transform the differential equation with a
turning point to the differential equation with a singularity. Also we will prove that a
differential equation with a singularity will be transformed to a differential equation
with a turning point in some cases.
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1. Introduction
Differential equations with turning points and singularities have emerged as an effective and
powerful tool to study a wide class of related problems arising in various branches of mathematics, mechanics, physics, geophysics, computer sciences and other branches of natural
sciences. Better knowledge and understanding from these equations provide us to study a
wide class of problems arising in mathematical physics, radio electronics, and other fields of
sciences and technologies (see Constantin, 1998; Conway, 1995; Dehghan & Jodayree, 2013;
Hryniv and Mykytyuk, 2004; Lapwood & Usami, 1981; Litvinenko & Soshnikov, 1964). Differential
equations with turning points and singularities have been studied in Mosazadeh & Neamaty
(2011); Neamaty & Khalili (2013); Neamaty & Mosazadeh (2011); and Yurko (1997). But the
relationship between turning points and singularities has not yet been studied basically. In
Neamaty & Mosazadeh (2011), differential equations with a turning point of the second type are
transformed to a singularity. To the best of our knowledge, it does not exist an exact study on
the relevance between a turning and singular point. For this reason, we would like to point out
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the transformation to convert two points to each other. This transformation is like the Liouville
transformation, but with this difference that the Liouville transformation transforms the Sturm–
Liouville equations with the positive weight function to the Sturm–Liouville equations with the
weight function r2 ðxÞ ¼ 1 and continuous potential function. Indeed we extend this transformation and would like to prove that the extended transformation can be applied for Sturm–
Liouville equations with the turning point. We gave here only the main idea and refer the
interested reader to Miller & Michel (1982) for further details. Therefore, we show that this
transformation will omit the turning point and commute a turning point to a singularity.
Moreover, we will prove that a singular point does not simply vanish. In other words, we will
transform a singular point of second order to a turning point by the same transformation which
indeed we use the reverse of this transformation to omit the singularity.
As mentioned earlier, the main goal of this article is to study the relationship between a turning
point and a singularity in the Sturm–Liouville equations. We will apply a change of a variable to
transform a turning point into a singularity. Taking the same transformation, we will convert
merely a singularity of the second order to a turning point and give the interesting results. We
mention that the approach considered in this article can serve as a tool for various studies
connected with the spectral theory of Sturm–Liouville equations and topics connected with these
problems, like, for example, direct and inverse spectral problems. We note that direct and inverse
spectral problems for differential equations having singularities and/or turning points were studied
in Dehghan & Jodayree (2013), Neamaty & Khalili (2013, 2014), and other works.

2. Main results
We consider the differential equation
 y00 ðxÞ þ qðxÞyðxÞ ¼ λr2 ðxÞyðxÞ; x 2 ½0; T;

(2:1)

with the weight function r2 ðxÞ: We assume that the weight function has the zeros in an interior
point x ¼ a which is called a turning point. The functions qðxÞ and r2 ðxÞ are real valued.

Lemma 1. Consider the Equation (2.1). Let two real functions f and g be piecewise continuous. If
the following change of the variable
ðx
uðzÞ ¼ f ðxÞyðxÞ; z ¼

gðvÞdv;

(2:2)

0

omits the turning point, then f 2 ðxÞ ¼ gðxÞ:
Proof. After obtaining y00 and substituting in the Equation (2.1), we get


 du
d2 y  3 0 2
d2 u
0
þ f 1 g2 2 ;
¼ 2f f  f 2 f 0 u þ 2f 2 f 0 g þ f 1 g0
2
dz
dx
dz
where f n :¼ ðf ðxÞÞn for n 2 Z. To eliminate
2f 2 f 0 g ¼ f 1 g0 ! 2f 1 f 0 ¼ g1 g0 ! 2

du
dz ,

its coefficient must be deleted. So

f 0 g0
¼ :
f
g

By integrating from two sides of the previous relation, we get
2lnf ¼ lng ! f 2 ¼ g:
The Lemma 1 is proved.

□
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Theorem 1. Consider the Equation (2.1). Then under the following transformation
ðx

1

uðzÞ ¼ r2 ðxÞyðxÞ; z ¼

rðvÞdv;

(2:3)

0

the Equation (2.1) is transformed to
 u00 ðzÞ þ QðzÞuðzÞ ¼ λuðzÞ;

z 2 ½0; S;

(2:4)

ðT
where S ¼

rðvÞdv:
0

Proof. Using Lemma 1, we assume that the following transformation
uðzÞ ¼ rα ðxÞyðxÞ; z ¼

ðx
0

r2α ðvÞdv; αÞ0;

(2:5)

omits the turning point in the Equation (2.1). It is sufficient to find a unknown parameter α which is
a positive rational number. At first, we calculate the second derivation of the function yðxÞ.
Therefore

d2 y 
d2 u
2
0
¼ αðα þ 1Þrα2 ðxÞr0 ðxÞ  αrα1 ðxÞr0 ðxÞ u þ r3α ðxÞ 2 :
2
dx
dz

(2:6)

Substituting (2.5) and (2.6) in (2.1), we get



d2 u 
4α2
02
4α1
00
4α
þ
αðα
þ
1Þr
ðxÞr
ðxÞ
þ
αr
ðxÞr
ðxÞ
þ
qðxÞr
ðxÞ
uðzÞ
dz2
4αþ2
¼ λr
ðxÞuðzÞ:

(2:7)

Now, to commute the weight function with the turning point to the classical form, i.e., rðxÞ ¼ 1, we
have
 4α þ 2 ¼ 0 ! α ¼

1
:
2

(2:8)

Therefore, taking the parameter α, the Equation (2.7) is converted to the following form


d2 u
þ QðzÞuðzÞ ¼ λuðzÞ;
dz2

(2:9)

where

QðzÞ ¼


3 4
1
2
0
r ðxðzÞÞr0 ðxðzÞÞ þ r3 ðxðzÞÞr0 ðxðzÞÞ þ qðxðzÞÞr2 ðxðzÞÞ :
4
2

The proof is completed.

(2:10)

□

Notation 1. Consider the Equation (2.1). Let  > 0 be fixed, sufficiently small and D0 ¼ ½0; x1  ; Dν ¼
S
S
½xν þ ; xνþ1   for 1  ν  m  1; Dm ¼ ½xm þ ; T; D ¼ m
½xν  ; xν þ
ν¼0 Dν and Iν ¼ Dν1;
S
 Dν; : We distinguish four different types of turning points xν 2 ð0; TÞ. For 1  ν  m
8
>
I;
>
>
<
II;
Tν ¼
>
III;
>
>
:
IV;

if
if
if
if

lν
lν
lν
lν

is even and r2 ðxÞðx  xν Þlν < 0 in Iν ;
is even and r2 ðxÞðx  xν Þlν > 0 in Iν ;
is odd and r2 ðxÞðx  xν Þlν < 0 in Iν ;
is odd and r2 ðxÞðx  xν Þlν > 0 in Iν ;

(2:11)
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Q
lν
is called type of xν : Here r2 ðxÞ ¼ m
ν¼1 ðx  xν Þ r0 ðxÞ where r0 ðxÞ > 0; lν 2 N:
To show the application of this transformation, we apply it for two different types of turning
points.
Example 1. Consider the following differential equation
 y00 ðxÞ þ qðxÞyðxÞ ¼ λr2 ðxÞyðxÞ ; x 2 ½0; T;

(2:12)

with the weight function r2 ðxÞ ¼ ðx  x0 Þ2l for l > 0; x0 2 ð0; TÞ: Using the transformation (2.3), we
have
l

l

uðzÞ ¼ ðx  x0 Þ2 yðxÞ; ! yðxÞ ¼ ðx  x0 Þ 2 uðzÞ;

(2:13)

x

z ¼ ò ðv  x0 Þl dv:

(2:14)

0

Taking (2.10) into account, we get
QðxðzÞÞ ¼

l
ðl þ 2Þðx  x0 Þ2l2 þ qðxðzÞÞðx  x0 Þ2l :
4

(2:15)

Using (2.14), we obtain
1

x ¼ x0 þ ððl þ 1Þz þ ðx0 Þlþ1 Þlþ1 :

(2:16)

Also
1

x0 ¼ ððl þ 1Þz0 Þlþ1 :

(2:17)

Now taking (2.15), (2.16) and (2.17), we have
QðzÞ ¼

lðlþ2Þ
4ðlþ1Þ2

2l

2

þ ðl þ 1Þlþ1 qðxðzÞÞðz  z0 Þlþ1
ðz  z0 Þ2

:

(2:18)

From Theorem 1, we arrive at the following differential equation


d2 uðzÞ
Q1 ðzÞ
þ
uðzÞ ¼ λuðzÞ; z 2 ½0; S;
dz2
ðz  z0 Þ2
2l

(2:19)

where Q1 ðzÞ ¼ lðlþ2Þ2 þ ðl þ 1Þlþ1 qðxðzÞÞðz  z0 Þlþ1 :
2

4ðlþ1Þ

Example 2. Consider the following differential equation
 y00 ðxÞ þ qðxÞyðxÞ ¼ λr2 ðxÞyðxÞ ; x 2 ½0; T;

(2:20)

with the weight function r2 ðxÞ ¼ ðx  x0 Þ2lþ1 for l > 0; x0 2 ð0; TÞ: Using the transformation (2.3), we
have
2lþ1
4

uðzÞ ¼ ðx  x0 Þ
ðx
z¼

0

ðv  x0 Þ

2lþ1
2

2lþ1

yðxÞ; ! yðxÞ ¼ ðx  x0 Þ 4 uðzÞ;

dv:

(2:21)

(2:22)

Taking (2.10), we have
QðxðzÞÞ ¼

ð2l þ 1Þð2l þ 5Þ
ðx  x0 Þ2l3 þ qðxðzÞÞðx  x0 Þ2l1 :
16

(2:23)
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Using (2.22), we obtain

x ¼ x0 þ

2lþ3
2l þ 3
z þ ðx0 Þ 2
2

2
2lþ3

:

(2:24)

Also
2

2lþ3
2l þ 3
z0
:
x0 ¼ 
2

(2:25)

Now taking (2.23), (2.24) and (2.25), we have

QðzÞ ¼

ð2lþ1Þð2lþ5Þ
4ð2lþ3Þ2


4l2
4
2lþ3
þ qðxðzÞÞ 2lþ3
ðz  z0 Þ2lþ3
2
ðz  z0 Þ2

:

(2:26)

From Theorem 1, we arrive at the following differential equation


d2 uðzÞ
Q1 ðzÞ
þ
uðzÞ ¼ λuðzÞ; z 2 ½0; S;
dz2
ðz  z0 Þ2

(2:27)


4l2
4
2lþ3
þ qðxðzÞÞ 2lþ3
ðz  z0 Þ2lþ3 : We can prove the problem for other types
where Q1 ðzÞ ¼ ð2lþ1Þð2lþ5Þ
2
2
4ð2lþ3Þ

of turning points, analogously. Therefore, a turning point of any type is transformed to a singular
point of the second order by this transformation. Now we will show that singular points of the
second order are only transformed to the turning point by this transformation.
Theorem 2. The transformation (2.3) only transmutes a singular point of the second order to a
turning point in Sturm–Liouville equations.
Proof. Consider the following differential equation


d2 uðzÞ
þ Q0 ðzÞuðzÞ ¼ λuðzÞ; z 2 ½0; S;
dz2

where Q0 ðzÞ ¼

ν
ðzz0 Þl

(2:28)

for l > 0; z0 2 ð0; SÞ and νÞ0. It is sufficient to show that a singular point only

vanishes for l ¼ 2 by this transformation. Using the transformation (2.3), we have
d2 uðzÞ
¼
dz2




3 7
1 5
d2 y
3
2
0
r 2 ðxÞr0 ðxÞ þ r 2 ðxÞr0 ðxÞ y þ r 2 ðxÞ 2 :
4
2
dx

Substituting the aforementioned relation in (2.28), we get


d2 y
þ q0 ðxÞy ¼ λr2 ðxÞy; x 2 ½0; T;
dx2

(2:29)

where

q0 ðxÞ ¼


3 2
1
2
0
r ðxÞr0 ðxÞ  r1 ðxÞr0 ðxÞ þ Q0 ðzÞr2 ðxÞ :
4
2

(2:30)

Let rðxÞ ¼ ðx  x0 Þn for n 2 N; x0 2 ð0; TÞ: Therefore we have
q0 ðxÞ ¼

3n2
4ðx  x0 Þ

þ
2

nþ1

0Þ
Also z  z0 ¼ ðxx
nþ1

nðn  1Þ

νðx  x0 Þ2n

2ðx  x0 Þ

ðz  z0 Þl

þ
2

!
:

: So
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q0 ðxÞ ¼

3n2
4ðx  x0 Þ2

þ

nðn  1Þ
2ðx  x0 Þ2

þ

!

νðn þ 1Þl
ðx  x0 Þ2nþnlþl

:

(2:31)

Now we have to eliminate the potential function q0 ðxÞ. We consider two cases:
If l ¼ 2 then,

q0 ðxÞ ¼

n2 þ 2n þ 4νðn þ 1Þ2
4ðx  x0 Þ2

This is possible for ν ¼

:

nðnþ2Þ
4ðnþ1Þ2

(2:32)

:

For lÞ2, two cases will occur. At the case  2n þ nl þ l < 2, we get for xÞx0 ;
q0 ðxÞ ¼

n2 þ 2n þ 4νðn þ 1Þ2 ðx  x0 Þ2ð2nþnlþlÞ
4ðx  x0 Þ2

:

(2:33)

Otherwise, if  2n þ nl þ l > 2, then for xÞx0 ;
q0 ðxÞ ¼

ðn2 þ 2nÞðx  x0 Þ2nþnlþl2 þ 4νðn þ 1Þ2
4ðx  x0 Þ2nþnlþl

:

(2:34)

The potential functions (2.33) and (2.34) do not always vanish and the singular point x0 remains
after taking this transformation in the case lÞ2. Therefore, the transformation (2.3) apply for l ¼
2; i.e., using this transformation, we can only omit the singular point of the second order.

□

Theorem 2 is proved.

It seems that singular points of other orders do not vanish. In this case, we only mention the
following theorem.
Theorem 3. The following transformation made on the discontinuous function
uðzÞ ¼ qα1 ðxÞyðxÞ; z ¼

ðx
0

q2α
1 ðvÞdv; α <

1
;
2l

(2:35)

does not eliminate the singular point in Sturm–Liouville equations.
Proof. We consider the following differential equation
 y00 þ q1 ðxÞy ¼ λy; x 2 ½0; T;
where q1 ðxÞ ¼

1
ðxx0 Þl

(2:36)

is a real function for l > 0; x0 2 ð0; TÞ: Using (2.35), we have for xÞx0


d2 y 
d2 u
¼ αðα þ 1Þqα2
ðxÞq1 02 ðxÞ  αqα1
ðxÞq1 00 ðxÞ u þ q1 3α ðxÞ 2 :
1
1
dx2
dz

(2:37)

Substituting (2.35) and (2.37) in (2.36), we give



d2 u 
þ αðα þ 1Þq4α2
ðxÞq1 02 ðxÞ þ αq4α1
ðxÞq1 00 ðxÞ þ q4αþ1
ðxÞ uðzÞ
1
1
1
dz2
¼ λq4α
1 ðxÞuðzÞ:

Taking q1 ðxÞ ¼

1
ðxx0 Þl

(2:38)

; we have
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d2 u
þ q2 ðxÞuðzÞ ¼ λðx  x0 Þ4αl uðzÞ;
dz2

(2:39)

where
q2 ðxÞ ¼

αðα þ 1Þl2
24αl

ðx  x0 Þ

þ

αlðl þ 1Þ
ðx  x0 Þ

24αl

þ

1
ðx  x0 Þ14α

:

(2:40)

We have to assume α  2l1 to omit the singular point. This is inconsistent to the integrable
condition (2.35). Therefore, the singular point does not vanish by taking the transformation

□

(2.35). Theorem 3 is proved.

3. Conclusions
In this article, we verify a transformation to omit the turning points in Sturm–Liouville equations. In other
words, we proposed a transformation and proved that this transformation can eliminate a turning point
(Theorem 1). Also we showed that differential equations with a singular point of the second order are
transformed to a differential equation with a turning point by using this transformation.
Moreover, we proved that any transformation of the form (2.35) cannot omit the singularity.
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