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Some polynomials defined by generating functions
and differential equations
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Abstract: It is well known that generating functions play an important role in theory
of the classical orthogonal polynomials. In this paper, we deal with systems of poly-
nomials defined by generating functions and the following problems for them. (A)
Derive a differential equation that each polynomial satisfies. (B) Derive the general
solution for the differential equation obtained in (A). (C) Is the general solution
obtained in (B) written as a linear combination of functions that are expressed by
making use of generalized hypergeometric functions? The purpose of this paper is to
give two examples that the problem (C) can be affirmatively solved. One is related to
the Humbert polynomials, and its general solution is written by ,F, ,-type hypergeo-
metric functions. The other is related to a genelarization of the Hermite polynomi-
als, and its general solution is written by ,F -type (k < #) hypergeometric functions.

Subjects: Science; Mathematics & Statistics; Advanced Mathematics; Analysis - Mathematics;
Special Functions; Differential Equations

Keywords: Humbert polynomial; generalized Hermite polynomial; generalized
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1. Introduction

Itis interesting to define new polynomials by new generating functions, and important to study their
properties. Humbert (1921) defined the polynomials IT) (x), n=0,1,2,..., by the generating
function

(A —mtx+t™ = Y10 oot
n=0

Gould (1965) called H;,m(x) the Humbert polynomial of degree n and gave its generalization.
Milovanovi¢ and Djordjevi¢ (1987) gave a differential equation for the function H;Ym(x) using differ-
ence operators.
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Lahiri (1971) defined the generalized Hermite polynomials H,  (x), n = 0,1,2,...,bythe gen-
erating function

[~ tn
exp(vtx — t™) = Z Homo ) -

n=0
Gould and Hopper (1962) gave the other generalization of the Hermite polynomials by the generat-
ing function

X(x = )" exp(p(x" — (x = t)").

The case of a = O is equivalent to that defined by Bell (1934).

In Suzuki (2013), we considered defining the polynomials Q,(x;k,v), n=0,1,2, ..., by the fol-
lowing generating function which is similar to that of the Humbert polynomials

(1= 2tx +t57 = 3 Q, 06k, t",

n=0
where k is an integer such that k > 2 and v is a positive real number. Note that

I (X) = Q,(mx/2;m, v)

and the polynomial Q, (X;k, v) is not entirely new. However, we gave a differential equation for the
function Q,(x;k, v), which is not by difference operators and is an explicit expression. For this reason,
we could obtain the general solution at x = 0 of the differential equation that Qn(x;k, v) satisfies.
And it is written as a linear combination of functions that are expressed by making use of \F, _;-type
hypergeometric functions.

In Dobashi (2014), we considered defining a generalization of the Hermite polynomials by the
generating function

exp(t'x — ) = 3" R (x;k,jt",
n=0

wherek, j are positive integers. And we obtained results similar to the case onn(X;k, v). In this case,
the corresponding general solution is written as a linear combination of functions that are expressed
by making use okok+j_l-type hypergeometric functions.

The purpose of this paper is to give the differential equations for Q,(x;k, v) and R, (x;k, ), and to
derive the general solutions at x = O for them. The discussion for Q,,(x;k, v) is given in Section 3, and
that for R, (x;k, j) is given in Section 4.

2. Notation
For a real number x, [x] denotes the largest integer less than or equal to x. Denote I'(a + ) /T'(a) by
(@), where I is the Gamma function. For real constants a, b, denote axf’(x) + bf (x) by

d
ax— +b )f(x).
(oxg; +0)rc0
Denote by N, the set of nonnegative integers. For positive integers k, n, k|n means that k is a divisor
of n. The generalized hypergeometric functions F, is defined by

@ % o >_ - (al)m(az)m...(ak)mﬁ

“’< B By s B7) BB (B M
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3. Polynomials Q,,(x;k, v)
Let k be an integer such that k > 2, and v be a positive real number. Unless otherwise noted, we fix
k, v. There exists a positive real number §(k) such that

|- 2tx+th < 1 (1)
for—1 < x < land-é6(k) <t < 5(k).

As described in Section 1, we define the functions Q,(x;k,v), n=0,1,2,...,by

1 =2tx+t57 = Y Qu6kt", —1<x<1, =5k < t < 8(k). )
n=0
LEMMA 1 The function Q,(x;k, v) has the following expression.

[n/k] (_1)r2n—kr(v)

. _ n—kr+r n—kr
Q@ x5k, v) = ; r(n—kn)!

In particular, Q,(x;k, v) is a polynomial of degree n.

Proof Since we have (1), by the binomial theorem we see that

= (-1)'(v)
(1-2tx+t9" = ,;) %(t(tk_l —2x)°
o £ _1 4
- Z Z ( ) (V)f (_zx)f—rtkr—Hf
= (2 -1

o« [n/k] (_1)”’kr+r(\/)n—kr+7 (_zx)n—krtﬂ
r\(n — kr)! ,

n=0 r=0

which implies our assertion.

3.1. Recurrence relations for Q (x;k, v)
In this subsection, we shall give recurrence relations for the functions Q,(X;k, v).

For—1 < x < land-6(k) <t < 6(k), set

(X, t) =1 = 2tx + tk,
O(x,t) = (p(x, )"

Then it is easy to see that the following partial differential equations hold.
(X, t)%(b(x, t) + v(kt*! — 2x)@(x,t) = 0, (3)

o(X, t)%d)(x, t) — 2vtd(x, t) = 0. )

We can derive recurrence relations for Q,(x;k, v) from these differential equations. Rewrite both
sides of (3) by making use of (2). Then we have
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[

Z (n+1)Q,,, (k" - Z 2nxQ, (x;k, v)t"

n=-1 n=0
+ )0 (= k+1)Q, 1 05k, E" = D 2vxQ, (x5k, W)t (5)
n=k-1 n=0

)

+ Z kvQ, 1k, WE" = 0.

n=k-1

Compare the coefficients of t" in both sides of (5). Then we have

(N+kv—k+1DQ, .,k v)+(+DQ, (XK v)

-2(n+vxQ,(x:k,v) =0, n>k-1. ©

Similarly, by (4), we have the following recurrence relation.

Q1 (6K, v) = 2vQ, (XK, v) + 2xQ) (XK, v)

n—k+1
-Q,, (xkv), n>k-1. 7)

Further, we shall give some recurrence relations for the functions Q,,(x;k, v) that can be derived from
the Equations (6) and (7). Differentiate both sides of (6) and substitute (7) into it. Then we obtain

2(v—1(n+ kv)Q,(x;k, v) + 2(v — 1)(k — DXQ,(x;K, v)
— k(v — 1)Q;+1(X;k, w=0, n>k-1.

Remark 1 This recurrence relation holds also for0 < n < k- 1. In fact, if 0 < n < k- 1, from Lemma
1 we have

2n(V)n n 2n+1(v)n+1 n+1
X, Q,,H(X,k, V)= m )

which assert that the recurrence relation above holds also for 0 < n < k — 1. That is, we have

Q,(:k,v) =

2(v = D(n + kv)Q, (x;k, v) + 2(v — 1)(k — DXQ|,(x;K, v)

-k(v-1Q,,,(:k,v)=0, n>0. ®

Solve the Equation (7) for Q:Hl(x;k, v) and substitute it into (8). Then we have

k(V - 1)0, 1(X;ky V) = _zn(v - 1)Qn(x:ky V)

n—k+ (9)
+2(v-1xQ(x;k,v), n>k-1.

3.2. Differential equation that Q,(x;k, v) satisfies
In this subsection, by making use of the results given in the preceding subsection we shall give a dif-
ferential equation that Qn(x;k, v) satisfies. The main theorem is

THEOREM 1  For an arbitrary n > O, the function Q,(x;k, v) satisfies the following differential equation.

k-1

k
<5> Q¥ (x;k, v) = H {(k - 1)xi +(—k+k(v+k- r))}(xo’n(x;k, v) = nQ, (x;k, v)).
2 dx

r=1
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Proof Operate d"/dx™ to both sides of (8) and make use of the Leibniz rule. Then we have
k(v = DAV (k, v) = 2(v = Dk = DXQT P (6K, v)
+2(v = 1)(n + kv + m(k — 1)Q"™ (x;k, v), m,n > 0.

Suppose that v # 1. This equation is equivalent to

n+1

QM (xk, v) = % {(k - 1)xd% +(n—m+k(v+m)) }Q(nm>(X;k, v),

m,n > 0.

Replacing m by m — 1and n by n — 1, then we have

QM (x:k, v) = 2 k - 1)xi + (M =m+k(v+m—1)) Q" V(xk,v),
n k dX n-1

m,n>1.

Repeating this formula, then we obtain

Q" (xk, v) = %{(k— 1)xd% + @ —mak(v+m— 1>)}

~Z{(k—l)xi+(n—m+k(v+m—2))}
k dx

2 d (ke
e { (k - 1)xa +n-m+k(v+m-—(k- 1)))}02_(k(fl)1))(x;k, v),
m,n>k-1.
Set m = k. Then, we have

k-1 k-1

Q¥ (x;k,v) = (%) H {(k - 1)xd% +(—k+k(v+k- r))}Q[,,M(X;k, v),

r=1
n>k-1.

Making use of (9), it is easy to see that our assertion holds for n > k — 1. That is, for n > k— 1 the
following holds.

k-1

AW d
(E) Q! (x,k,v)—H{(k—l)xa+(n—k+k(v+k—r))}

r=1

(xQ.(xk, v) — NQ. (XK, ). (10

In the case of 0 < n < k — 1, considering Remark 1, we see that

xQ,(x;k, v) — nQ, (x;k,v) = 0,

which implies that (10) holds also for 0 < n < k — 1. Therefore, if v # 1, we can conclude that (10)
holds for any n > 0.

In the case of v = 1, note that both sides of (10) are continuous with respect to v. Taking the limit
v = 1in (10), we can see that (10) holds also forv=1and n > 0.

Example 1 Ifk = 2, the polynomial Q,(x;k, v) is equal to the Gegenbauer polynomial of degree n and
the differential equation in Theorem 1 is as follows.

(1 - xHQ/(x;2,v) — v + DXxQ, (%2, v) + n(n + 2v)Q, (x;2,v) = 0,

which is well known as Gegenbauer’s differential equation.
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3.3. General solution of differential equation that Q_(x;k, v) satisfies
In this subsection, we shall give the general solution at x = 0 of the differential equation that
Qn(x;k, v) satisfies. By Theorem 1, the differential equation that we consider is as follows.

Kk<k>_k1{ IRV NP _ } '
<2>y _g (k= DX+ (= k+ k(v +k=n) 10y = ny). (11)

To solve this equation, we use the power series method. Since x = Ois a regular point of the Equation

(11), we set
y=> ax". (12)
m=0

It is clear that

y =) ma x™, y®= Z (m i k)' XM (13)

Substitute (12), (13) into (11). Hence, we obtain

< > Z(m+k)' o

oo k-1

Z(m ma,. {l_[{m(k—1)+(n—k+k(v+k—r))}}xm
r=1

m=0

(14)

Comparing the coefficients of X™ in (14), then we have

K\ (m + k!
<E> m! am+k

k-1
=(m—n)am{H{m(k—1)+(n—k+k(v+k—r))}},
r=1

which is equivalent to

k-1
N m—klm-k-mT]{(m-kk-1+n~-k+kv+k-r)} (15)
r=1
(5) o m

For each# € Nyand each p € Nysuch that0 < p < k, set

m=k¢ +p.

Repeating (15), it is easy to see that

a = k(@ = 1)+ p)i(k( = 2) + p)! - plk(Z = 1)+ p—n)(k(Z —2) +p—n) - (p—N)
ke+p (k¢ + p)l(k(Z = 1) + p)! --- (k + p)!

ke k-1
<o(}) T o

where
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A =k -1D+pk-1+n—k+k(v+k-r)
X (k@@ =2)+p)k—=D+n—k+k(v+k—-r)
XX (pk=1)+n—-k+k(v+k=r)).

By simple calculations, we have

k¢ =) +p—mk& —2)+p—n)-(p—n)

k(e -1e BB (e 20 BT (20) K (BE),
and
X<f_2+P(k—1)+lz(;f;k(v+k—r)>
5 eee X <p(k— 1)+’Z(;fj)k(v+k—r)> i~
= (k(k — 1))f<p(k—1)+l;(;f-l]-)k(v+k—l’)>/'

Further, we know the following formula (cf. Prudnikov, Brychkov, & Marichev, 1986),

L= keprer (P m> <k—_1> <k+_1> (P_+'<>
(k¢ + p)! kp.f.( p )f( ). )\ ), ) (19)

Substitute (17), (18) and (19) into (16). Hence, we obtain
k¢ (k=1)¢ ( p—n k=1 [ p(k=1)+n—k+k(v+k-r)
2k 1 (B2) TG ()

ka+p = ap kkf(%)f(%)f ('%)f('%)f (pTH()ff! ‘

Thus, we have

(o]

ké+p _ p
Y Gy X = x
=0

p-n p(k—1)+n—k+k(v+k—-1) p(k—1)+n—k+k(v+1) 2x k
k'’ kk=1) v kik-1) (k=1 2
XFia ptl  pa2 k-1 ksl b 5 (k=1 K .
Tk Y TR T e T

Therefore, we obtain the desired result. That is, set

F k,v,p(x)

p—n pk=1)+n—k+k(v+k-1) pk—=1)+n—k+k(v+1) 2x k
_ Kk’ k(k—1) LR k(k—1) . _ 1y\k-1
_ka—l p+1 p+2 k-1 k+1 p+k ’ (k 1) k .
T T Tk s

)y eeey P

We obtain the following.

THEOREM 2 The functions Xka,v,p(X) (p=0,1,...,k—1)are the linearly independent solutions at x = 0
of (11). In particular, its general solution at x = 0 is given by
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k-1

Z apxp Fk,vlp(x),

p=0

wherea,, ..., a,_, are arbitrary constants.

Remark 2 We choose #/,p’ € N, such that

n=k£'+p', 0<p <k
Then F,, ;(x) is a polynomial of degree k#". Thus, x'F,

only by a constant from Q,,(x;k, v).

p (%) is a polynomial of degree n, and differs

4. Polynomials R_(x;k, )
Let k, j be positive integers. Unless otherwise noted, we fix k, j. As described in Section 1, we define
the functions R (x;k,j), n=0,1,2,...,by

exp(thx — t*4) = Z R,k DE", —oc0 <X < 00, —o0 <t < o0. (20)

Forn e N, set

I(k!jx n) = {q € NO

n .
0<g< [k—ﬂ],kl(n—(kﬂ)q)}. (21)

Then we obtain

LEMMA 2 The function R (x;k,j) has the following expression.

R (x:k,j) = Z Wx o
qelejm | —— )'q!

If I(k,j,n) = #, we mean R, (x;k,j) = 0

Proof Making use of the Taylor expansion for the exponential function exp x, it is easy to see that

exp(tix — t*9) = exp(t“x) exp(~t*¥)
_ Z <th>" ¢ ()
- 4
_ (=1)xP oy
o p!q!

Forn e Njthere exist p,q € N, such that

n=kp+k+jgq
if and only if

. n
=n-(k+ <g<|—
kp=n-(k+j)g, 0<qg< p j] ,

which are equivalent to

Kin—k+j)g), 0<q< [klﬂ]

Therefore, we obtain the desired result.
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4.1. Recurrence relations for R (x;k, j)
In this subsection, we shall give recurrence relations for the functions Rn(x;k,j).

Set
D(x, 1) = exp(tix — th),
Then it is easy to see that the following partial differential equations hold.

%CD(X, t) = (kt“"x = (k + )t Dd(x, t), (22)

9 Lk
0Xq)(x’ t) =t"d(x, b). (23)

We can derive recurrence relations for Rn(x;k,j) from these differential equations. Rewrite both sides
of (22) by making use of (20). Then we have

D+ DR Gk = D kxR, Gk )t
n=-1 n=k—100 o4
= Y kDR i E.

n=k+j-1

Compare the coefficients of t" in both sides of (24). Then we have

(n+ 1)Rn+1(x;k’j) = kXRn_k+1(X;krj)

. . . 25
—(k+pR, 16k j), n>k+j—1. (25)
Similarly, by (23), we have the following recurrence relation.
R (k) =R, (k. j), n>k (26)
Replacing n by n —j + 1, then we have
R;,,j+1(x;kyj) = Rn,k,j+1(X;k’j)’ nz k +j -1 (27)

Substitute (26), (27) into (25). We have

(n+ 1)Rn+1(X;k’j) = kXR:H_l(X;kr.j)
—(k +j)R;7j+l(x;k,j), n>k+j-1.

Replacing n by n — 1, then we obtain
(k +j)R;H.(x;k,j) = kxR, (x;k,j) — nR (x;K,j), n >k+].

Remark 3  This recurrence relation holds also for k +j > n > j. Suppose that k+j > n > j. Then it is
easy to see that

n n—j
T l=0 |[—|=0
[kﬂ‘] k+1]

It follows from these relations and Lemma 2 that

L Kin
R,.,(X;k,_j) = (o/ky’ ’
0, otherwise,
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and

) 1, n-j=0,
R, i (x:k,j) =
je] { 0, otherwise.

Thus, we obtain

kxR! (x;k,j) — nR,(x;k,j) = 0, R;_j(x;k,j) =0.

Therefore, we can conclude that

(k+ R, (x:k.j) = kxR (XK, j) = nR (x;k,j), N >j. (28)

4.2. Differential equation that R (x;k, j) satisfies

In this subsection, by making use of the results given in the preceding subsection we shall give a dif-
ferential equation that R (X;k, ) satisfies. The main theorem is

THEOREM 3 For an arbitrary n > O, the function R, (x;k,j) satisfies the following differential equation.
1 \'{ d
K (el i\ — ; g
R (x;k, j) = <k_+j> g {kxa +((k—=n(k+j)— n)}Rn(x,k,J).
Proof Operate d"/dx™ to both sides of (28) and make use of the Leibniz rule. Then we have
(k+ PRV (6K, ) = kxRTV 06K, ) + (mk — mRT (K, ),
m>0, n>j.

Replacing m by m — 1and n by n — j(k — 1), then we have

My iy _ 1 d : Mm-1 g i
RIL05KD = 15 {k"a (M= Dk = (n—jk— 1) FR™D (k)
m>1, n>jk.

Repeating this formula, then we obtain

m g L d vk — (A — itk —
Rn_jk(x,k,J)——k +j{kx o Tm Dk — (n —jik 1)))}
i {kx—d +((m—2)k—(n—j(k—2)))}
k+j dx
U S IS ok — (h— itk — Mgy
p +j{kx dX+((m kk — (n — j(k k)))}Rn k.,

m >k, n> jk.
Set m = k. Then we have

k

k
K ol o 1 i B P s
Rn_jk<x,k,1)—<—k+j) g{kx 3 (k= pk—(n—jik f)))}R,,(X,kJ),

n > jk. (29)

On the other hand, by (26) we see that
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RO (x;k, j) = R, x(kj),  n > jk. (30)

It follows from (29), (30) that

Kk k
i , 1 d . .

R“ka)=<——J {M——+«k—nw+)—m}RuiJ,

" D=k g dx J a5 31)

n > jk.

In what follows, we assume that 0 < n < jk. In this case, we have

n Jjk
k+j “k+j o (32)
Take g € I(k,j, n). It follows from (21), (32) that 0 < g < k and there existsr € N, such that
O<r<k, k-r=q.
For such r, we see that

—1)4 n—(k+j)
{kxi +(k=r)k+j)— n)}Lx# -
dx (n—(k+/>q ) 1q!
k

Thus, by Lemma 2 we obtain

: d
11 {kx— + (k= )k +j)—n)}Rn(x;k,j) =0. (33)
o} dx
Next, we shall show
R* (x;k, j) = 0. (34)
Set
n=¢k+¢', ¢,£'e N, 0<¢ <k
where note that # < j. By this relation, (26) and Lemma 2, we have

O (xk i — i = . I G D M-
ROk, j) = R,_, (XK, j) = R, (XK, j) = Z p Xk, (35)

qel(kyj ") (T ) 1q!

Notice that

1, 7' =0
R, (x:k,j) = ! !
‘ Z { 0, otherwise.

It follows from this relation and (35) that (34). Therefore, by (33), (34) we can conclude that our as-
sertion holds also for 0 < n < jk.

Example 2 If k =j =1, the polynomial R, (x;k,j) is essentially equal to the Hermite polynomial of
degree n and the differential equation in Theorem 3 is as follows.

1

Ry0GL, 1)~ 5

XRL0G1, 1) + an(x;l, 1)=0,
which is well known as Hermite’s differential equation.
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4.3. General solution of differential equation that R (x;k, j) satisfies
In this subsection, we shall give the general solution at x = 0 of the differential equation that
Rn(X;k,j) satisfies. By Theorem 3, the differential equation that we consider is as follows.

k k
yl) = <kL+j> H{kx%+((k—r)(k+j)—n)}y. (36)

r=1

To solve this equation, we use the power series method. Since x = Ois a regular point of the Equation

(36), we set
y=> ax". 37)
m=0

Substitute (37) into (36). Hence, we obtain

)

k+j)! ko k '
)y (m +m!+1) Ui X = <ki+1> Zam{H{km+((k—r)(k+_/)_n)}}Xm‘ 38)

m=0 m=0 r=1

Comparing the coefficients of X™ in (38), then we have

m! m+k+j T

(m +k +j)! < 1 )
k+j

k k
a, [ {km + (k= nk+jy - m},

r=1

which is equivalent to

k
«Mm—=—k—=)!'T[(km —kr —jr —n)
r=1

a = a (39)
m = \k+j m! kT

Foreach# € Nyand eachp € NjsuchthatO < p < k +j set

m = (k+j)¢ +p.

Repeating (39), it is easy to see that

a _ _((k+DE =D+ pUKk+)E =2) +p)t - p!
CDP T (k+ )t + Pk +))(C = 1) +p)! - (k+j+p)! o)

1 ke K
xa | —— B,
”<k+1> H
where

B, = (k(tk + ))& = 1) + p) — kr — jr —n)
X (k(tk + j)(@ — 2) + p) — kr — jr — n)
X -+ X (kp — kr — jr — n).

By simple calculations, we have
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_ oy B kp —kr—jr—n >
= (k(k +j)) x(f 14— kKT D
x(f—2+kp kr — jr—n)
k(k +j) (41)
kp —kr —jr—n
o ( kk+)) )
. —kr —jr—
= (k(k f(”—> .
(k(K+))) kk+)) )

Further, replace k by k + j in (19) and substitute it and (41) into (40). Hence, we obtain

k¢ kp—kr—jr—n
k H< k(k+j) )f

r=1
Aerivpap = .
(eti)e+p (k+j)(k+j)f<p+1 ) (p+2> m<k+j—1) <k+j+1) M(P+k+j> 21
ki ) o\ k+ /¢ ki Jo\ k+ /g ki ) "

Thus, we have

)

(k+)e+p _ P
Z DikesjyespX = 0pX
¢=0

kp—k—j—-n kp—2k—2j-n kp—k*—jk—n k4
k) ' kke) C 7T ki) ke X
X k+j—l( prl pi2 kb=l kel prksj 5 K : :

k+
kv’ ke’ 7 k+ ’ ke ? 7 k+j J

Therefore, we obtain the desired result. That is, set

kp—k—j—n kp—2k-2j-n kp—k?—jk—n X K+
— kik+j) kk+p) 7 7 k(k+j) Rk A
Gk.j,p(x) _kF k+j-1\ p+1  p+2 +JJ 1 k+j+1 ptk+j 2 k k+i :

+
ki’ k' ’ k+ k+j ’ k+j J

We obtain the following.

THEOREM 4 The functions xPGkap(x) (p=0,1,...,k+j—1) are the linearly independent solutions at
x = 00of (36). In particular, its general solution at x = 0 is given by

k+j-1

Z apoGk.i,p(X)’

p=0

where a,, ..., a,,; , are arbitrary constants.

Remark 4 Assume that R (x;k,j) is not identically equal to 0. Then we have I(k,j,n) # @. Take
q € I(k,j,n) and set

—k+jg=kp', p €N,

=k+j)g +p", q,p"€ Ny, 0<p” <k+},
q=kq"+p", q", p” € Ny, 0<p” <k,
p=p", r=k-p”.
Then we have
kp — kr —jr—n
% =-1-q'-¢",

which means G, ,»(x) is a polynomial. Thus, x"”GkJ,p/,(x) is a polynomial solution of (36), and differs
only by a constant from R, (x;k, j).
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